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ABSTRACT 

DRAINS are formidable pfcblems in &leffl&ntary mechart'Tc.s not amanabTe to 
^QlutloFi b;y naive fonngla cranking. What 1s tlie intellectual weaponry one 
needs to snare a Dragon? To snare a Dragon one brings to mind an heuristic 
frame - a specifically structured association of prnblem solving itteas^ 
Data on the anatomy of heuri&tic frarKs - gust hinw and what id&as are linlced 
together - has been obts^infid frOn the protocols af many attacks on Oragons 
by students an-d physicists. In this paper various heuristic fram&s are 
delineated by detailing how th^ motivate attacks an two particular Ordg&ns* 
Milko afid Ju^^lQ» from ths writer* s compilation. This lo&del of th& svolutfon 
of problem sdvlncr skills has. also been applied to the interpretation of the 
intellectyal growth of children, and in an Appendix we use it to give a 
cogent interpretation for the protocols of Plagetian "Conservation" experiments. 
The inodel provides a sorely needed theoretical fraraework to discuss teaching 
strat&getns calculated to promote problemi solving skills. 
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The lins ^iw^r^s ilhtif tilting tUe pap*? ora ivptF^^duc^ from the. text £>f 
ViciQPi^, Auetr&li^ 3J15(^^.A. Cohen , IS74. All Eights ReEsi^ed. 



1* IrTTRODtTCTIOM 

T^very teacher of physics waulrl, T foel, assert that he 
sttives to teach stti^tents not oj^ly hov to solve certain paradigm ■ 
eKaraple.'i — but that he also hopes to impart a clu&t^r of 
qeneralized skills in problejn solving that will equip students to 
eomptehen/t anci analvae a ^rreatsr range of problei^is than could 
possibly he discussed in lecturo classes and tutorials. But i& there 
any fipecific way to promote this sbj^^ctivB ? The purpose of this 
introdtiction i£ to raeourtt some, of the mor^ ?:;r^fisible ide^p in a 
teaching Btrateqen* r h&ve heen developing for this purpose. 
This strataqem shares element 3 in corasou with what I call the 
Fermi stxRtagem (in Physica teachin^J and! Poljra stratagem {in 
Mathematics teaching} . 

rn the F-Grmi ?tratageii» etudantg are posefl problems of a 

more project-like character, scire such Fermi prcbleras are 

relatively open-ended (e.c?., "How. in terms of physics, do we 

walk anrt run?"K Other Fermi pro^.lRTH5 have a c^efinite solution but 

are of a "non-standaria" form requiringr th^ eklllful selection 

and artful utilisation of perhaps quite elementary physical novels. 

Teachers wishing to follow the Fenni stratagem face two 

difficulties. The first is the scarcity of Fermi problems, or 

rather the scarcity o^ compilation a of such probleins. in this 

regard Walkor's -Plying rircu3''"'"is a very welcome additign 

to the Physics teaching literature^ This writs: has also 

compiled a collection of non-standara protolcns (which he calls 

" Dragons") in elementary mechanics, "A nracfon Hunter's Box''^ of 

wKicli some of. the Dragons may be aptly characterized aa 

Fermi problems. The second difficulty 



in introducing Fermi probLeiqs is the absence of any compre- 
hensive tutor's gyiae embodying theoretical analysis and 
practical experience in the i>reBentatloa and effective utili- 
zation of auch problena. In fact the casual introduction of 
Fetflti problems into certain innovatory couraee of recant years 
has often lead to obvious failure h as the etudents participa- 
ting have lacked any model of haw to proceed in taqklin^j any 
problem other than those more conventional probl^nEi which I 
term ** formula cr anker 5." 

in the Poly a stratagem^ students already familiar with 
the tricks and technique a needed for particular problems, are 
given specific irtstruction In powerful genetal problem fiplvin^ 
ideas - - what Poly a terms mathefflaticai heuristics . The style 
of presentation, as evidenced by the atructure of "Ha thematic a 
and Plausible Reaaoning-^ is to first explain a particular 
heuristic, and demonstrate its applicability to a particular 
problem J the atudent is then posed a graded set of problems 
which are anenable to solution via that heuristic. The writer 
is not awaire of any e?( tensive application of the Poly a atrata- 
geifl to physics teaching. 

My own teaching stratagem ftew gut of an attempt to itnple- 
ment the key ideas of Fermi and Polya in the context of a college 
course in elementary mechdinics, l was especially keen to get 
ciway from the trniditional emphasis on problems which may be 
chii racterised as "formula-cranlsers" and to engage students in 
problems which had more of the flavour of research problems in 
physica, such as Fermi problems. There axe in fact very few 
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publiBhed Pemi problems in elenientftry mechanics, and it 3ean,s 
the typical problem attually posed by We^i wai "How many piano 
tuners ^r€ there in New York?"." So In order to produce a si^ni- 
ficant compilation of chal Urging probl^mg for etudent use t 
was obliged to cleviae a nuiiibEr of m^ problens in Glementary 
mechinics which I termed Dragona to express their forfnidatole 
character. In line with thU playful terminology, the first 
compilation of DragoiiB was produced in a hand lettered and 
illuBtrate^d booklets antitlad *What G Killed Ne^ Kelly? and 
Otiier Problematical Dragons^' (Ned Keily - - an Australian folk 
hero - - the last of the byehrangeta - ^ was hung in Melbourne 
in 1S67). The "Ned Kelly'- Dragon book was used in conjunction 
With the lectures and tutorials of a course in elementary 
inechanirs. AM2qfl Second Year Mechanlea at La Trobe University, 
in Melbourne, Australia during iSTi.-''^ 



Xt ia nvw opportune to discusa th« pedagogic 
principles underlying the selection and construction of the 
Dragons of ttw original compilation^ ^n^ its guccee^ori. The 
Dragons ^ere conceived as providirrg scope for the diacussion 
o£ problem solving per ae rather than particular physical 
principlBH. An underlying sssuaption ^^g that many students 
try to solve profelaws in accord with ths following models 
The Formula CranJcar's Model 

Step 1. Look at the problem solved, P. 

Step 2. Scan one* a r*portoi« of all the problems one 

can solve, until one finds S similar to P. 
Step 3* Apply the algorithm uBed to solve S, to P. 
I've called this model the Fonnula Cranker-g Model of Problem 
solving as this model will, in faot, bs of gom* real service 
to a student in tlie solution of a fonnula cranker - - a prob- 
l&rfi in which has been specified formally precisely those sle- 
raenta to be substituted in a familiar formula: for instance 
if al^ape parameters (such » night be involved in a moment of 
inertia) are not explicitly labeled and specified th^ "similar" 
problem must not devolve on stich parameters. My Dragons were 
selected or constructed so that like the real problems tackle^ 
in research the Formula Crankier 's Model would fail. Consider 
first the Dragon WIl^KO of n*i. fiv ) . Because rtiLKO explicitly 
seeks the determination of the pressure at the bottom of a 
cylinder-like volume (the interior of a milk bottle], this 
Dragon is dearly "similar" to the calculation of the pxEssura 
at the base of a cylindrical column of liquid, in thig sense 
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the nracron is also ■'similar" to other Calculations ot base 
pressure upofi the sale of one's shoea. Hence applying to 
MTLKO the algorithm of the ^siirti^ar^ proMeirg , the base 
pree^^urQ P is giv^n in terms of the base area A and the 
total weight of the contents of the bottle. W, 



as 



-nils expression is entirely f^i^e, add ia an instance of ho^ 
the Formula Cranking M^ael can lead to ah Inappropriate 
fomula. consider next the Oration .nJG^LO of Piq. {xiv), it 
happens that this nraqon may foe SQccessfully snared using 
the sajme fomtulaa as are applied to the oalculationa of the 
Fiechanics of a ri^id bo<3y. Vet as luteal ing is In no aense 

"sii^ilar" to a riaifl bofiy, students followinq the Ptoniiula 
rranker'5 Model of' action win not arrive at auoh an 
analysis (as is ^iven unfler the caption "In Toto" in Section 3 J 
That i.., by tTils ejf ample, we see how the P^jmula Cranker'a 
Model inay prevent studentg froi„ rec^qmizing the 
applicabilltv of quite fai^ili^r alqorithmg. The thiir^ point ' 
to be raaae about the FortT,^la Cranker's Ht,del is that even 
if that followin«» thtu jt^odel one ^eterminea an appropriate 
aloorithm, application to the ^iven problem may lead to a 
iT^ss of algebra which ia hard to untangle tjj finally 
fol^^ the problem, j^n il lustration of this aort of 
Phenomena ig prpvit^ert in Kecrtion 2, beW the heading 
Formula Cranky 



The above examples intficate that exposurf; to thoso 

highliqht!? to etucientR the inadequaev c^f the Formtila 
Hranker'g Horlel of Problem Polvlng. But in fact thie is 
only a winor agoect of what cart he learnt from such 
encounters* Particularly vrheft one hajs in fact proc'uc&<^ 
the canonical wrong answer to a rraoon , s sturty of eucrh 
encounters* UBing introFipeotion ^nc* observtStlon ct^ other 
students J revenl?) ths eort of mental const ract --- 
collection of asaociated ideas -- one has ^l^o^J<T^t to liear 
on. the prOtvlfTiin* 

now in fact does or.^ s^]."* pl^vsics prohi.ei^g ? (^^f 
the past ^ew years I've liEt**nt*i intently to many attempts 
bv stHrtentg antl phyEicleta to ^nare the f^raoon^i of riv 
collection* ' TTiese observations {protocols is the Tanrori 
wor<3 in psycho^ocry} auoport th* contention that in aolvinq 
such prohlfim^ cme uses: a etructurerl collection of aasnci? -^i 
ifleas that I^ve tennsd a hguriatic frajtiei- 'There appears 
to he only a relatively small nu"»ber of beBrigti_c frameH 
available to pmv in^^i victual, of the oriSer of twenty. 
In ^able X, tbs anatonty of a heuri stig <rranse is re^fflalei^. 
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compoment 



(Core) heutistit 






An elemental, crijde problem 
solvinq Idea, probably 
acquirer in childhood. 

How te r&EhflDe the problem 
and* which aloorithm to 



n«buci routines 



Wiat ta do when th intra 
'*go wrong". 



nemonst 



T'Tarnings, Caveats. 
Plffqe;, T>ci inters 



"T-'ntch out" 
*'TrY another 
heuristic frame 



In Table 1 ancl elsewhere in this i>aper, hv an alooritbin is 
nijeant a hicfhly specific pr^ice^ure rtv foriftula. The fcore) 
h^urijstic of a heuristic frame is the same sort of mental 
object aa what Polya" terr^ec? a heuristic — a problem 
aolvitig idea d£ sOme potency ■ fFolya confined big attention 
to itiatherfatica , however) . Problem recSvcticm involves putting 
tJi# problem in a form giaitab]e for the application of 
particular alcrorithms* Xf the unexpected' happens -- or even 
vhen on* is informed that the answer i?le rived ie "wrDnq' — 
cms calls upon the l>ebugf Routines of th* haiirifltio frame* 
Also linker^ with the other eomioonents of a heuristic frame' 
are whet I've termecl Temonp: the imaere 13 of some littlo "-..-.lEt 
that waitH for some specific little occurrence to tria<*er his 
attention - — ' when he iDasses. on his messnoe. At any rnte, 
under the hea^^anq of "neipong** are liuiT^ert together Fsome 
[riscellaneous i^leas boujjrl in the frame, such as warnin-gs, 
caveats f and directives to other frames » h f.^v examples of 
r«mons are presented! later in this paoer* 

The concept of Heuristic Frames prov^i^eg n cleecriptlon 
of the evolution of prohl*m solvin^r aJsills in teEmg of 
a) The arouth in one's reoortotre of alaorithmEt 

bj The elahoration an^^ auameptation of the components of one- 'a 

heuristic frames » 
The latter proceag is tended the '^ebuqainq of heuristics ' - 

in riehucnina the core heuristic is essentiallv unalterable^ 
only the other coimponents of the frame can be ertited. ft simple 
ftescription of problem solving in terms of the components 
of heviristic frames is containecl in a noclel which is called 
the Horse and Cart or H,A.€* Model tof prohlen solving! 



TABLE IT 
HOliSE AWn CART MQDRS. OF PIMiFLLI^^^ SOLVING (H.A.C.J 

TO H.A.C. 

Step 1* Given a DrDbli^n, choose p. Heuristic 

Ftep 2« Reformulate the problem and select an Algorithm 

Step 3, CEANK the alcrorithm 

Step 4* In eaae o£ trouhle^ DRRUG* 



rti# Tt^B^f, Ho^-el i* presented in Taible ix. This 
mod&l essentially states that tha choice o'f Heuristic 
precedes the choice of an ftlciorithp that does the actual 
Crankin^g of a problem+ As stated above, the model is 
over simfplSf but has proved to be an effective tool in 
promoting problem solving sis i 11^ by pifovifJinti a dsseriptive 
basis for aelf-assesstnent and stucfent eotmaelling* Thus in 
total, this pap^r deals with a teaching stratagem based ort 
two smcs^ e Is : 
i> A rficdel for intellectual development in terms of 

the debuqainq of heuristics 
ii> A model for problem solving. 

An example of hoM a tutox may aid the intellectual developHient 
of a Fitudflut by directing attention to the debugging of one 
particular heuristic U provided by the following example 
taken frcsn my tutorial re cordis* 

A student complained that he didn't "understand" 
gyrosdoplc affects* What that meant was that ha could follow 
the mathematical presentation ciivan in claBe, yet tha 
behaviour was still siirpriaiTig, T probed further and found 



th^t if a nyvih^el was s,.inninq in a vertical p]a.^, ..h , 



tqrque aboiit the vertical axle 



t^PE a^D]ie(^ *or an Instant, 



this student expect^^ the nv-wh.el to r^p^ain vertical, b«t 
for itg plane to rot^tf^ #hout the vertical axiEi. 



Fig. fi} 



(9 



IrTfxdsiiAitirt^ 



Figure ai ln,ac.if,i, that a sptnninq flyw^^eel is placed inside 
the box (drawn h^r« in isoinetric projectj.ot.) with the plane 
Of the flywheel parallel tn the front face of th^ box. The 
spin sense o^ the fly.,heel is markerl on th« ^ront face, an*' 
the projec-tron of the whee], the line ^^, on th^ top o^' t,.. boK 
'^ torque, F^ppM^rT briefly, is i^^icate<^ hy Jtfi ten<^ei;cy to 
tviat in the tsp fi,orizontal cl-neK rather than as a vertical 
v»ctor. One tdmron E^tui^.ent r>:pRctation is that the new 
T.o«ition 0^ tHe flyv^heel ha, the prni^ctim K'^^ on the top of ' 
thfl hoK, cojrreflpondinq to a rotation of the plane o* the 
-■eiywheel about the vertical. 

Fioure ti) is the <?iatiram that was, *^ra*7n while 
endesvourina to clarify the atu^a^nts e^pE^tation. It is cle^r 
that the gtudent was here invoking a hewristio ^' Parallel" — 
the i^ea that the "ef^^ect" of a '■forcQ'^ i^ b riisplaeeT,.ent 
in the -direct ton ^' of that "force". ^T'he direction in this 



apoeifie case is a screw senses . The atuaent had selected 
an algo-ritT™ which cguld be formally stated as 
aviating Force X Tima * Artount of iwlst 

■This particular nlgorlthra is appropriate to 4 high friction 

environnent such ae the domestic arena of a young child. 

It is eggentially an Aristotlean algarithm - part of a physic^ 

where fcrcos "cease" diaplacei^enta invelocity, tn ordex to 

help thla 3tydent d*.hug r constructed an argument Involving 

the g«ne heuristic (Parallel) and patently presenting a 

choice between Kewtonian and Arifetotlean algoritlmi, for 
forces : 

Consider a cannon firing at a target (dravm a 

schematically from ahove in Pig, (iij 
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ImfxisJve 
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■ I Impulsiw 



m 



xy 



AriEtotlean AlgoirithjTi Mewtanian Algor:ithm 

Fig (ii) Dashed line is the unperturbed traiectory of a eannur. 
ball. Dotted line denotes new trajectory after application ol 

an impulsive force according to (A) Ari^totlean Algorithm, 
(B) Newtonian Algdrithra. 

Suppose juat a& the cannon ball emerges from the barr*?! 
it is giv&n a short shai-p knock. Then, in accordance with th& 
expectation portrayed in fif ^ of generalized impulsive 
forces causing a spatial displacement in the direction of 
application the ball should be deviated as fihown in fig, fii)A. 
Maw of course what^ actually would take place is properly deraon- 
strated in fig. (ii)B - - the effect of the impulsive force is 
to give the ball a transverse component of momentLun to determine 
the subsequent traj<*ctQiry of the ball. Returning to the flywheel 
problem, it likewise follows in formal tenna that the effect o£ 
an impulsive torque about the vertical is to produce angular 
momentuiTi about the vertical, which has to be compounded with 
that pre-existing- 



Tills point is wall made by a drawing auch ae Tlcf. (inj ^ 




ImpglsivieTwtiLie 

J) 

Angular \feicicity 
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Fig. (iii^ 

In this figure the original and the additional fangu- 
lar) momenta ate shown a$ screw senseE on the aideg o£ a box 
containing the fly*,h&el. But these two screw senses ^ - cotn- 
poynded in a Newtonian way ^algorithm) - - must he just the 
prDjectioh of the resultant motion of the flywheel, so - - 
imagining artcw^ drawn on the flywheel showing rotation SEnse - - 
one deduces th^t the flywheel - - having suffered th^ i^pul^iT^e 
torquE3 (double arrgwa in the figiirej - - changes its plane of 
motior., th^ nev projection of the fli^heel i^ ehown in fig fiii} 
ae the straight lin* CD^ 

in symnniry, TTiy first coneern as a tutor was to aifl this sty^fent 
in debugging the heuristic {PaxallelJ he had Botight to invoke for 
the p«ceaai«.^l problem. (Compare computer programming: one has 
to debug the programs oae actually writes ^ on the other hand it 
b^aye to l^^arn of other progran,^) , Confronted with this student 
a tutor esp^^uging a different strategy might have replied: -Don't 
look at a Wheel like that, i^k at a wheel as composed of little 
parts, ^And consider the effect of the applied forces on each 
little part ..." This particular approach invokes the heuristic 



"Divirfe arcl CorK^r^&r" {(discusser" later in, thig pao^r} ar*-^ it 
is well for a stuf^ent to see e '^Divit'e nnr^ Tonauer" approach J.o 
a tunl^elleln^ problem? howeveTj to repeat ^ in line with the 
F^bove descriheifl jnodel for problem solving attention to tha 
(^ebufl^ina oi a heuriatic is pansmcunt, arcf vjoultl be a tutor** 
firBt toncfirn. 

Physics proi?tleKfi depentt <>n ^ amall nufiiheif of heuristics 
specific to physiifis. In this paper we are to ^liscuss jyat 
seven of these heurigticF^ ] 

Formula Cronlc 

To Paraffitm 

In To to 

P ib re/Cap i 1 1 a rv 

Add Rf^eets (and Riibtract T=!ffeetsJ 

Uivic'e ane" Conquer 

Process 

Tn tKis list "Fonriula rrank'* in none otttar than to apply 
the Formula Cranker'e WoriR] o^ nroMem solvlnq, the oth*r 
h'&urjgticg are dcFicribied in Section 2^ Vot the mo!F*nt it i& 
important to rtOte just how few there argj an^ that in my teach incr 
stratac^enip explicit names are criven to each heuristic. Now in 
the folya strateqen gtu(3ents a a in ":^aTniliaritv'' with n particular 
heuristic by applying that heuristic to a ran^e of ■different 
prohlsins. Tn my stratacrBm this is also .flene, but much stress is 
laiiJ on apply in<T rtiffarant heuristics to the same prohletti -- 
to stimulate the c^ehucrgincr of theae heuristics • h\^ also to 
overcome what I call Haciie Key Think inq — the idea that there 
is just on« way of looking at a o'lven problem {a unique heuristic! 



.Tust ^hat are tbes^ heuristice . ana hmr erood are they in 
practice? nectlftn :? is r-sv^ted to delin#atin£i these alsc 
hetiriatics, anri shrwina their application to the anatinq of tha. 
TiTAqon f'ilko of Fiq, iiv] , section 3 ?ho^s hsw four of these 
heuristicij potiv^te aloorithiriB that auccessfully snare the 

Dragon "Juqglo'- of Fiq. fx\ri) . This <3lBC?ueeiDn of Kection ? and 
3 will nroue of value to any teacher who wiahee to diEcuse the 
two nraqonsr ?^ilko flnr? J^uodlo with etudente — ijgina the 
tutorial H af? heuristic^ debngaing scene g where the tutor is 
equipped to fluide an ill formed hut not heuristically miaguidecT 
j^tudent forav at these Oraaons* In Section d the teaching 
atrataflrwi pr^gent&d here is reviewed. The Appendix showa 
the appllcatitm of the theor&tical framework of thig papet 
to aspects of the intellectual developi^ent of children, 
The "debuqtjing of a heuristic " ig thereby demotist rated in a 
simple setting J various heuristic noralg are drawn. 

Preliininagy Remarks 

The prQblematical nra^on '^Milfco" of Fltj. (iv) is reproduced 
froitt mv compilation "A Dragon Hunter's Pcx", Please read the first 
paragraph of this Dr acton. I have poged this problem to many 
underqrarfuates, graf^uates, engin*ers and professional 
physicists, insarlahly they jumpeia to the conclusion p = p'* 
Vhen infcjrniea that this was the canonical wroncr answer, a line 
Of arquRient often developed which wade plain the hBuriatlca 
invoked, and the debue rowtinos, caveats, end warninqs that 
were associated with particular h&urigtics . The later paragraphs 



Jf this Dragon contain a meafiure of suggest loi^ and counter^ ^ 

suggesti^jn designed to provoke such an ^i^alysis bj. the reader. 
^° ' ■ "^*^ Heuristics are there for finaring "Hilko, and 



M'Rt how ia it ^one^ 




l^r Ik t/ea/ifl r.«s to flis ii^: |ii& occut? 
Hie [»*S4^r4 near ihe tase of t^ botlt 

l[^id re»wiii<!s a:»Bt3nr^ flit f:*fc*s<jr& 



/* and ^^ vhiciq cteutv .e^wt ^, aw^ |/^ 
re*f*c^Veiy, as indiMt;^. flrtic« rT_T 

bulk frrt^ aenn^ ^jfl^ sckiraiioifl ; Ihe 
#.kf?. itik» his i(Mi(k JM qiM-ww. 



tig (iv) Beproduced with permission from H.A. Cohen '^A Dragon 
ilunter'a Box% Hanging Lake Books, Warrandyte. Victoria, 
Australia (1974). 



The heuristic "in Totp" embodiea treating the diverse 
parts of a physical syEtem as a sinqle system. m the text 
o£ "Hiltso" the statement of the "wauld-be physicist" sygqe^ts 
that the w.b.p. - - like may first SKposed to this Dragon - - 
has adapted an m^ Toto" viewpoint and applied an elsmentaiy 
atatics algarithm to equate the total gravitational force W 
to the product a£ ba»e area A base pressure. 

On being informed that they have given tlie caftpnical 
wrong answer for ■■Milko." -'In Toto" champion 9 - - who have 
treated the- nilk a^ a whole - - tend to 
a J Check whether they have included to much in the whole 

b) Cheek whtither th^y have included too little in the whole 

c) Switch to -Divide and ConquEr" viewpoint. 

The routines fa) and (]?) are deijug routines (or part of debug 
routines) aissociated with the "in To to" heuristic. (c) is what 
I'd simply Ljall a flag, or pointer to an alternative heuristic. 
Of course the more skillful problem solvers are more effective 
in invoking the above {and oth&r) debug routinee. 

[>ebuq routine (a) augqegts to check what was in eluded in 
the quant it/ Mj and clearly it was the weight of the bottle, 
so that M/A is the pressure at the base of the bottle at the 
glass/ table boundary, ht (his stage there's a strong induce- 
mvnt to switich to "Divide £.nd Conquer" and check whether the 
pregsuroe above and below the glasfi base of the bottle are 
oqual or noi.. (see the discussion under the heading "Divide 
«tnd Conquer" , ) 



U&bug routine (bj leads tQ the qtiegtitju "1-3 th* milH 
.x-^ilif just sitting there with jyst the fa.-.-ft of gravity and 
I.. Be i.r«ssure Uimes ba^e are*) ho3ding .^ in s^Iace?^' fhi=. 
l^ada to the more particular question as to whi^ther the sid^^ 
wall pressure forces c^n have a net vertical su™. now aide- 
■^'c^ll pressure forces dort't cancel - - at least they do where 
lf..o w^lls are vertical ^ - but not whei:e ths l^ottle walls ar^ 
. I lilting. AS indicated in fig {v] the ri:.actioii forces have ^ 
ri^t downward uum ywhen the contents are hoinpgeneaus, X' aft^. 
iepdij ration of cream. 
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Fiq(v) Sketch of wall reaction (pressures forces acting 

on the contents of a milk bottle. 
H' the usual Htatics algorithm^ 

f*A ■ W + X , p<A = W + X' 
-hun the ttiilk separates, the density of iitjuid in the neck 1 - 
Us3, SO that pressures in this region aro legg, so that th,- 
uim Of all the sid&wall reaction force is less after ^eparaM. .., 

X' < X 

Hid hence the conclusion p'l^ P, 



Divide and Conquer 

The Heuristic that I've called "Divide and Conquer"* exhorts 
r>ne to divi^^e a i^hysical system into a number of patts, and to 
solvH the v,-irioua sub-problems before asseinbiing the coHif>0neiit 
parts una tiie corresponding sub-problems. The example of this 
tieuristic applied to snare JUGGLO ig rather raor& cggent than 
wtiat vc do here. 

We tafcQ s& starting point the calculation of prossure bal 

the base of the bottle pr&sented above (See in Toto) . Brealt 
the bottle into the parts sKovn in fig (vi] . 



□w 



Fiti (vi> 




The vertical t*naion in tht- sidew^iia of the bottle is easily 
overlooked. By consiaering the equilibrium of the ba.e one 

deduces 

Where T. T^ are the {corresponding} verticsl s^s of th« ai^n- 
waU forces at the base. By considering the equilibrium of the 
«id*fi of th.. bottle, one d^dt^ces that T (T') are exactly can- 
celled by the vertical .^ of the forces due to liquid pressure 

acting on the sid€£:< i.i>. 

where x<x'3 is the same quantity as c^eteonined in the "m Toto" ais- 
^.ussion. TiLence, on comparing Ji and x^ one deduce^ that base 
pressure is loss after separation, p'^ p. 



-^e heuristic "Formula TrarV' tr^^roivep the odtflicntte-r of 
wTiflf. in th(? introc^uetion w*ifi r.i^}\r^ tb? formula rrnnkpr'ii J^nrteJ 
of ProM^r. RoJi^in^. To illustrate the potencry of "Formula rranl." 

T will repeat ?n apocryptal fltorv abmit Pevmnpn anf^ Ihis 
early »-;f3rHf* " 7t appears that in a c-npcussion Jnuch dnformeci 
Feynran of the J.*^3X paper of Dixnc v>iieh ghova^l that tht^re 
was an analogy betvnen unitary tranRformaticjns in a want urn 
TtiflchanicE and the exponential of ^ where .^ -^a^j a clSEHical 
auantity. f'lhereu&on there ant? t^en Fevnnan proceert-^t? 
to maninLilate tte ^'analtxiftiiH" rla^sjiical *=:xnre?;sions as thouflh 
they w«ra tliR duantwn mechanioa;! unitarv tran^fonnationH, 
vif^J^ P first cru^e version of what ^an to foe^Dme his inipr.rtant 
"Spacfi Time rorriulation of Oygjitum l-techarics" . CSe^rlv th ■ s 
vas "Formula Crank" motivated ^vork — but ^eynman hart 

to call upon all hie inte] lecti.ial rescureep — his elahoratt:d 
f^ebugge«} heuristics — to make a inass t>f ireaniflqlsgs fom^iTlae 
into an iirportant element of irodern phvfiica* to illustratp 
the irvTuotency of "Formula crank'* by itael* -- hera is how it 
miqht J^e appjier! to 7iZh^O. First to recapitulate the 
flls cuss ion o£ the TntrocTuction, P. Formula r ranker wJll take 
recourse to othpr oalc^iJatlon of base pressure^ as of the 
pressure at base of one's shoes, to calculatf^ a constant tease 
■firffgsurfl 

O = T,T/.? 
in terns of the weiaht e^^ contents of Piillf bottle and base ar... .. 
If the valiflity of this result i-ierf? ou*^rierT, what coulrl a Formulp*! 
Crany-iiT do? verv little, observation fiuqqeats* 'rh& weakness ir. 
Formula 



Cranio;" is that there is no nneans tn riebu<i a solution other 
than relatively capriciouFly sel^ctihg a new algorithm* So 
as a nestt atep, cop??i^^er the ap&lication of what niqht be 
billed AS the nost comprehenaiva alcrcjjrithin for csilculatinq 

pressures, the fom»«la 



P - J (p g h) J 



whpro the sujnmatiorL is other Xayers of len^rth h. of material 
of. (density p^. We ^pply this fontiula to tha simplified 
shape "BiathematicaT ini IV bottle". For hfymocrenous milk base 
pressure is 

p" = "^i^i^ ■*■ *^2''2*' 
This algorithm isTi't anouqh. Conservation Alcjorittim yields 

where by geometry these volumoe are given in tems of areas 
anc? hetcjhta by 

T^hfriee such formulaft as 

p- t^l ^ ^^2^ ^^^^ ^2^7^ 



ProTfl this formula, it is clear that p' is ^ p, hut it takes a 
in^asure of careful alqetoraie manipulation hefqre the baregt 
qualitative features e]tierae* In contraetH consider an "In 
Tnto" iKotivated attack. See Fi^. (vii) , in which the arrows 
indicate the verticnl forces acting on the contents of the 
"reoular" milk bottle of the mathematieian. 



Fiff (vii> 




?""r 



Fpr hoFO<3enrtu3 milk , .„ 

For stratified milk^ ereani In volume V,, , "water in volume V- 

In this C9se, as crream ig lighter t>^an rilk, i.e. p, ^ o, it 
follot^s that p* < p. Thfi point beiha jra^^e is ti>af. tn an 
arouTTient motivpt-ee' hy the heurietJc 'Tn Toto", the AlcrorittiP 
gets itiarRhalleir' - - is interp retahls anr" there^^ore UFKler con.tro] 
A Formula rranJer needs Tnatliematlc^l skill? of hi ah order to 
orCTanl7.e> an elenier^tflFV phvF?ica] calcglation* 



C^QlumnH (l*e^i]€rtien ll>#vlce A J 

The heuristic "^Ihre" is a valuable nrohlem Rolvlncr idea 
utiliser* hy nalileo in his "Dialpaues ronceminq Tvo New 
Sciences",- R^lileo imaqjnef* a salifl h^am to he eoinposea o^ 
parallel fibres, or fllameTitST effectively indeoenrtent , the 
tptal tenfiilR loac^ carried, by t>iw heam be in a the Kiun of tKe 
ten g J on s if each filament, "hat mist be stressed is t>^at 
although GalileD talked in terms of beams, which often are mad^? 
of fibrous ihaterial fwood) ^ his disc us si em wa? intended to 
aprlv to hfiams of any sollifl material, so that the fibres 
are truly fictions. In fact i?alileo ipentioned stone heai^is 
in >iiR f?iBeuEaion» rialileo used "Pibre*' sltill^uHy and v;as 
probably aware of such caveats to h*5 attacherf to this 



hfturiatic aa thflt one much ch^cV that it's a reasonable first 
ftpproximation to consider tHe fibrea intlaperLdGnt* 

Tbe heuristic "Column" is verv closely relat-nfl to "Fibre". 
One micrht say it is nerely **Fibre" appliarl to fluifls, go that 
it Ls tli& very same heuristic* "colitoin" auafleste that one 
analyaeg pressure differences in fluirts by cotnaiderin-g the boiSy 
o^' the ^lui^ to be made up of cylindrical cqlurnns. Tlie caveat 
of non- interference between adjaeant fibres /columns Ie still 
relevant here* In the next auh -section we vill rrigcuss further 
the issue as to whether Fibre/Coliimn are two heuristica or one. 
For the imoinent^ lets consider a parti<:v:lar column approach to 
pTil^o* Vfe*ll present pot only a successful solutico^ route along 
which "rolunuis" will pull a statics Mgorithm ^- but wem 
also note one of the cul de sacs. 

Consider the two fluid coltimns shown in Fiq»(vii), one near 
the axis and the other well off the axis, "i^his suqqe sts a buq-- 
it apt?earg at first that the pressure itiust differ alonq the base • 
of the milk bottle -- ss the two eolymns are of different heiqht. 
fowever this but^ arose by iifnorincr wfall »jress\tre* By cotif^iderinf 
the static eouilibriuOT of a horiEontal fibre (column) of fluid 




r^g fviij) 



it i. po.eihl^ to ^onvinc^ on^^elf that i„ fact thor. i. a nni^ 

b..e pxe..ur.. it .e..in. ...h .a.i.r th«n to consider a colunu. 

about the .xi. ^^ th^ bottle, ^o c.lculat^ th^ ba^^ |>r^.,ur.. 

th^r^ ,r^ t«o e..efl. aj Cont^nt^ ho«ioqenau. milk, pre.^u^ p 

b) ContentB etratifieti! piesaiare p^ 

CoRaid^r central rolumns, on b^ge ar^a *A, in the t«a d^^es. The 
i^et^gitv Qf cont^nte of colioir^ ib) is le«,"thi«i that of col^ 
fa) - as basically (h) has an excess of creatu. Estpressin^ 
this evaluation in t«nnq of weiqht^ 

or p ^ p* 

That is, the bage pre^sore decreaeee after separation. At this 

*taqe of tha Calculation, one jnight return to examine thfl fine 

detftil re the two coljjnnfl a and h to realise that we hava 

ignored sit^a forcnia, no matter if siflea are vertical ae th*g# 

^nrc^B ^iA^'t contrihute to the gums considered, in fact the 

pripnf. heuristic inessacie to be learned from thig oftlctilation 

could be Hummed ua in the following heurJatici 

A: "Select a thin vertical coIur-j^ that ^of=s not intersect any 
sirtewalls" 

A is cne of the Tiroblein f^eduction/Alqorithn ^electi<^n ti^ vices 
associate a with t}ie '^Colmnn'*- fteVris-t-ic. 



*^«'v alrea^ sticrqe^te^? that th^ pr^c^^^inq application of 
TDlunuis ^mounte^ ts ^n application to a hydrostatic cont^^rt cf 
the -Fib^^- heuristic. However, th^ sp^^ial Convenience of the 
central column of ^ig. fvMl) ia not its thinness, but that 
h^^±n^ vertis*! ^ides, the thrusts on the waU, of the colu™^ 
h^.* no vertiesl r.ojnponents. Po that ifp iiatural to consider 
columns of vei^ larae crofis-sectlonal area in hyclrostatics. 
^11 will uo won, unleF^g the coluirn hits a fUntin^ w*n. 
This is a hit at a nuisance (bucrl , but there is a way out as 
detailed h^Aav. sstit in ^e'tsuaaino '^coltoLng-* to Tiotlvate a 
solution like that presented below — th^ connection with 
-Fiber^' i^ ^ettinq a little remote. Thqs one shoulrt say 
that originally "Column^ was just a portion o^ the he^ri^tio 
"Fiber" btit ultimately, with elaboration (^ebuqainq) it as^^es 
autonomy as an independent heuristic ^- ooss^B,ing a core c™,on 
with Fiber. This is a vmry inpottant orocesa in intellectual 
development that T term renliraticn of heuristics ; the another 
heui:iBtio spawns a daughter with many oor^on elements. However, 
the idea of replication is cart of irrv POre fllahorate 
T^^Byoholooioal .,o<1el of problem solving ^^ an^ its presentation 
I do not see as part Of the teaching stragem I espouse. 
':ertainly if the sort of application of Mumns presented helow 
is as far as this heuristic is elaborated, the solution 
qiven is still reasonably conceives as motivatecl by ^^Fiber" 
rfehuqqed for hydrostatics. 



■S7- 



fler rllt^ 





L*t lii ikft-ki the tHeught ejiDfirijiKit of aticlfliinq th* milk 
hattl« in B cvli-pi*ft, ahBrlnfi flrt sjuna hjiflf*^ a. In Fiq,(]f1. 
f^uf Bim !■ tn rp<*uc* tho Hrinin orohi™ tc a atstno^Bi™ oe th* 
pjJtHauT^ at the hfme at oqIibwb fttandlnq on tJic bag* of Ih ■ 
mtlk bpttle. S^upiMjee that in t.he eaaS wh«Fi th« milk bptt" j 
ccntaitiH jiofHSwenop* «ia i|Mi» cTjtaiae tha bottLtj but ina ^ 
the cyllnflet ia filled with TFilh t* the smi^ le^el usi wltMr 
thi bettlas tfte voivu ef »tlk aKtvrief to tH* ib«ttl* vb caiL 
^ext' LifeBMJeer 1ft th* case whrn th» miR haa fl«5i*r4tc[fl ' r.to 
cfmBOIUftitM Df dtenftiti^ frj^fcrewiK anA B^ ftrti!unla»> mllkh , supppfle 
th# fl«t*tiar volumt Vjj^^ vithin th* CTTiLn-^r tfl filled to 
ec^-reflpon^ing lnvein with cream and (^nanl^aa nilh iu» Pin. (Ik) l. 
^" p-netiKzm q,f the hrtttls otatnln in the way of n "Calonns- 
"Ptivated pLqcTttiMBr but w« can jiiatlfv imericio U* pnfeatr.c*. 
•SitiCT ptetiara 4«pendd DTI d#p61i ilbuE, t1» p-J^fraaurtt on each aiiiP 
of th« bottla i» tiii BaMx -o t1j*t thfr pnB«an at tht b^* of tH< 
(sottlB, p [fftif h.aP^q*fl(Mia ililfcj pi f*or Btratlfier [serv^rflf^d) 
mimn ill unarfactBHj if ont rmpv*» tHa hrjttl*^ waiia, but lo*vea 
tha flvid cofttftfitft 3u«i aa thay wrr*. Tliaicnnai«**rin<r tha 
static ofliilll^rluffi of thp goLuinna atanitinfl «i th» Kjiaa ft«j ^ 
at the b^tti^; (if)o haa 



ftjV^j^g id tn* weight &f thi filiti in tJ» «btt*rlfrr iralispifi, fhis 



In »lunU.ryj the l'lgl]l£ift>'ant. driving -matlTtp in prtJ^Tlclng &t1d 

appdt** to Kn*tlE cflnaider*tisHl o# a vertical ccluBui et fluid 
Ettdinrilciq ■an th« bat-tlfr baaa a£«a. This ia n striking axaiKplA of 

Pirehien Red-uctian/^hL^orltii a«l«c^iQfi Deviaa vtilcli vm ^ncte b-y B , 



Hi "f^ooB* A vartJcnl eoiuini wltti an "i.DtdcvBting^ titn*. 




"Add Ef facta" 



The heuristic -Add Etf^at^-^ encapsulates the idea of 
(indBper^^^^nt) c^o.es having an additive cumulative efiect, A 
verbal formulation of thi^ prahl.™ .living schemata would b^ . 
"3f X oaufies effact E, 
and Y crausea effect F, 
then X + Y ua-us&fi effect E + f . " 
1^ iippl^ent "Add Eff^cta^' in * giv^n prc.hlei.atical situation 
■on^ ™u.t devi.a^or .elect quantities th^t ^an „ear.ingfuUy b^ 
added together . i„ f^ct oi.e ^si>ect of the evol„tion ^f th. 
field concept, and va«tor ai^ tensor notation, of ola..ical 
electromagnet i. theory was the deviling c^f a for^Uism in which 
"Add Effects'- waB more or less "built-in/- a^ is especially 
amplified by the "principle of .uperii^posi tion'^ for fields. 
Lil^ewi.e ^Md Effect." i^ explicit in ^a^iou. additivity .ale. 
and implicit in the formalism of all thoae theories of physios 
oh^raoterised as linear. It is an ealightening straggle to 
mke an "Add Effects- foray at the Dragon MIlko, 

in "Layman's Physic ^ itr^ the oreatn and milk tni^v.^ cre.m 
fwhich we glii^iy tern water) which -oause-^ the p^e.su.e at the 
b^ee of a milR bottle, a little nK>re formally, if the effect i. 
additive, one would write 

^ "^ T^cream + ^ water 
aj^d a like expression far the base pr^s.ure after ^epa^ration, (>■ . 
Now the total arnoant of cr^ i. unchanged after reparation .o 
that if quantity alone determines pressure, then 

<!5seani creajq i(falg,el) 



and liliewise: 

leading tn the canonical uran^ ^mswer , p" « p. A raiore recondite, 
and fiJijual Ly false, veraipn of this orgucnent recalls tha;t the 
totftl pressure of a 9^^$ mixture is the aura of the partial pres- 
sures <if the components, eo that on (mis) treating the components 
of milk as ga^esr on& deduces a strict additivity of effect as 
above . 

The obvious bug in the above di sous si on is that distribution 
must be tiiken Into account. For the inoiment, we simplify the dia- 
cysgton by only dealing with the regular shaped "mathematicians' 
milk bottle." Then in accord with "Add Effects'* one envisages 
milk as th& auper posit ion of cream of density /'iVn CVi +V j}-l 
and of Jtiilk minus cream = water, of density />2^2^'^1 + ^i^'^r 
both cream and water being dispersed throughout the total volume 
Vi + V2- Then 

EO that by "Add effects" 

"1 



f ■■ (p,v, + j^.v^Hi/j ^ v^r^h^ -^ ji^) 



rflij + h^} J 



The heurigtic has worked beautifully- for milk. However, when we 
turn to calculate via ^>dd Effectg" the base preBsure after sepa- 
ration, we run into that super bug mention in Section l. to imple- 
ment "Add Effects" one needs to imagine that Ua is shown in fig ( j^ ) , 



a "pressure ether" of Mto rfenpiitv ftlla up eni>tv soaces , an^ 

transmits preaaurofl sn that one can cnlculate the new Cfimpon^nt 



ere an 



''l^ " 






Thus 



If 

tlien 



crea.i« • cr-eam 



Pfnilk " ''milk " ^ 



^N m h A t^ 



V,h^ - V2 



H^A^ where A^ ■: A, 



h^hjt^. - -B^J > r). 



Thua as wster is flense^ than cream ^ Wf? h 
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fr< a -M 



P ' P^ " f^™^!, " ^^r^l + t-wat«.r " P 



water 



} 



' <S>p - 0^} tVj^ t V^) ^ f^^^>3^ - v^h^) 





+ 



MLK 




Dispersed OMrti + Disperaed W^ter 





+ 



Stratified M* 
Owm ll water 




CraarvJETher 



EthnrlHA^ler 



ThuSr for a "natheinatical milfc bottle" we h&v^ eatatiliahed that 
the base prea^ure (p) drops to the value p ' after a^eparation of 
c re-am- PiTEsentat ion of this rvore sophist legated derivation to 
fitudente leaves £or them the mere puzzle o£ extending the deri- 
vation tg mil*; bottles of convent ionil ahape, in faet the argu- 
ment given above applies at once to a conventional bottle provided 
crcam/rtiilk volumes and vertical heights satisfy the inequality 

^2^1 " ^I'^S ^ ^ 



i.e . 



"2 , ^1 
S ^1 



which is a requirement on the average cross -sectional areas * 
" -'^TJ bt ra c t-Ef t acts " 

This heuristic is conceived b^ the writer as a variant o£ 
"Ad<a Effects" diecussei^ above* A "Suhtract^Ef fects" motivated 
calculation of the differences in base pressures, p - p', is 
outlinftd in ^^isual terj-is ^y Picf. fxi) . ^ow in this figure we 
havE not introdu-ced a "pressure -ether" - - but the iower volume 
V2 of the mathsHUitical milk bottle now containa ^ liquid of 
negative density! 




p - p' 



Fig {itiS Fchematic outline of "f^ubtract Ff-Fects* 
motivated attack on milko. 



Process 



■process- iB a h^arlatic of gr^at power which involvea the 
notion of a state. From the '^Procefis" viewpoint, a problem i« 
eonceived as devolvitig on a trariB format ion, like ao 

{Stat* A) ^ (State Bl 

or, in short hand, A B, In terms of th# pararr^tera that define 
a state, the tranaforiMtioii la 

The key problem solving idea of -Process" is to devise some 

(possibly fictitious) state X, tor which the tranflfonnation ruUa 



-> X 



B 



*ro well establlBhed, ao that one can readily compute the transfor- 
mat ions of parameters i 

r*l, a^, 83, . . O — ^ (K^, xj, X3, , . .) -^ (b^, b^, b^....) 

What has been presented above is a very sophisticated and formal 
description Of -Process.'^ In fact the present t^riter first iden- 
tified this heuriBtic. as being potent In thermodynamic a and spe- 
cial relativity and conceived of this prohleni solving idea as 
being used and developed only by advanced students. However, in 
September 1974, I was flabbergaflted to observe a five year old, Leo, 
use this very same haurigtic . At the conclusion of a classic 



Piflcretian interview described in the Appendix, I^eo was a^keiS; 

*'|lortJ would you &Dcplain to another chilfi wtiv the Pepsi 

f poured from ^ sqtia,t beakerl rises so hiqih after 

pouring (Into ^ narrow cylinfier) 7"^ 
Leo thouorht intentJy fp^ a few seconds, then answered ^ 

^'The ni^ES are push in q th* Pepsi up". 

Lao pla«?eci hiE hands ap?rt an<a forward, then brought then 

tocftth-er as hfe eaii^ this. It was clear in context that he had 
Invented & fictitipus "state St in which the t&ll cylinder 
had the game diafftetex as the (squat) beaker, and therefore 
would hold its aliouot of Pepsi ait the ^ante level as that in 
the heaker. Leo's explanation entailed the trans formation from 
Btate At Pepsi in aauat heaker 
to the final gtate 

State B: Pepsi in tall narrow oylinder 
via the fictitious state x. 

LooKing at the Drawon i^LKO in "Process" terms, one 
perceives this nraoon a a involving a trans forni.at Ion from 
State ki Hornogenous millc In milk bottle 
to 

State T^; stratified millf in millc bottle 

One can't cortpute tho alteration in base pxessure — i.e** 
n - D = p^p' directly — after all, this is the problem of 
this nraqon . Tet if the nei^k of the milk bottle were riibber. 
or vc^e hd.nged sojr"eh<5w, and the bottle trans fonnef! into a 
Cylinder it would be eagy^ in fact trivial ^ to compute the 
base preHEsure change aft^r stratification by reference to the 
statee: 



state 3(j Fomoqepous milk In cylinaer 
State T; stratified milk In cylinder 

In A cylinder the only vertical forces acting on the fluid 

contents (of wel.^ht W) are gravity and the base presgure acting 
over the area A, so that 



Pv " P^ 



^/K 



■nie adflitional base pressure in gtate a compared to state X is 
due to an additional hei<Tht D of milk so that under the 
trans form at ion A + Xt c^ - p = p - ffl/A = ipq 



Likewise t 
Hence 



* -^ B: Pjf - Pg - VA - p" - - tJo^g 



p ' p = Pa - Ps 



nfp - &^^ 



itfhich is positive as crsam detiE^itv Pj^ is lees than the density 
p of milk. This "Process" argument ie illustrated in Fiq. (xii) 




HunopjiaiB 



TdI 


j ^ Kj._a , 




■ 



Stitfl X 




State Y 

Striiifii^ 




ScrS'Tifitd 



Pig (xill "Process" appli&d to "Ilko. The gides 

of the ml Ik ^ottl(^ art dravTi as hingsHrl, 



It^g worth noting an tinsutrfregsful *^ Process" Motivated at tacit 
Qia MILKO that A nunber o£ stydents initiate. Suppose the milfc 
bottla is connect near its base with di vertical cylinder, as 
drawn in Pig. fvlilKThe lev&l of horaogetiDua milk ie equal in 
the t«o brnnchea at the initial state. Subsequently the nsiik 
stratifies? however there are unequal lengths of strata in 
the t^Fo connected vessels, and there is np convenient interrae- 
di^te state I 




riq fxili) SPfetch for an unsuccessful 
"T^rocess^' €oray at HILKC. 



dUBGLQ 




liikd Ttiert w^€ ::jlw43iv^ Ivuo betlls '« tHedir' 
At lainy climyi ii-t^f^iiT. 



Pif- fxiv) The nr*fTnn .Ttrnri/^, Ranrof^xirtj^ wf.th pent-ifision 

from 3!. A. Hf^hsnT V- '^r?<.ori ^Tfinner'^ nnj.", rfln^inrt Lak& 



-»_ ,Trrr!^n 



l'rf ?llFii.nary 

The dragon Jugqlo of ^±<j (xivl is a superlative Fermi problt^m 
that appears to have been first posed soinetiiie in the last centqry. 
On being exposod to this Dragon a, typical La, Trobe ondergraduate 
will answer firmly '*tiol" With aDme coaxing he will recount the 
thinking that lead to this conclusion. A typical response - - 
ATt^ry much refined for these didactic pi^rpo^es - - goes like soj 
"The bridgti has a safe load of Mg + 2ng and presumably will 
collapse if this load is exceeded- It's supporting a Juggler 
and 1 balls o£ total ^f^ight Mg + 3mg* The ballB are in the air 
fiORietime, and the juggling details are too horribly coniplicated 
even to envisage - - but th^ real point I9 that you've got a whole 
system (juggler plus balls) pf a weight which exceeds the crtitical 
load - - so that the bridge collapses.^' 

The basis tor the correct "physical intuition" - - the response 
"Wo- as revealed by such verbalizing - - lies in the mechanical 
iirplications of the heuristic "in Toto." 

icovievor, if the ttitor reformulates Jugglo, supposing that ttiere 
.ire only two balls in all which the juggler is tossing on the very 
sane bridge, incorrect solutionE are eommon, if not so invariable 
jji in the case of MILKO. 

NOW to g^t down to the slaughter of JUGGLO. Here are four 
different attacks - - nanv^d in accord with their aorainant heuristic. 
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IR To to 

We previously discussed tHe h^urjatjc "m Toto" as applied 
to the Dra^n HILKO. A familiar application of this problem 
solving achema is to the deacriptioii of rigid bodies where the 
concept of the c^ente^ Of mass is introduced. To apply this id 
to Jugglo involvee conflldering the system of Juggler (o£ m^sB M) 
and K ballB of naas m a* a single object of mags « + Km, 

Students ofteh ^idopt an "in Toto' viewpoint to examine 
JVGci^ - -- a but in midatream seem to switch heurietlc - ^ 
folloving the flag 

ic) Switch to Divide and Congu«r Vitwpoint. 

It aeema that there is a particular debug routine attached to 
the **iii Tots'* frame 

(d) Checlc the relation of the parts to the tirhole 
that is easily confuaable with having awifeched to "Divide and 
conquer.'* In fact we uee such a debug routine (d) to ejctend 
the fairly crude ''In Toto" arguraent given above to tha following 
polished attach on JUGGLO. 

HOW do the component parts of the whole JUGGLO syatEiri inter- 
act? fhe Answer is reassuring to Uie "in Toto' champion: the 
"internal'* forces between the components are equal and opposite, 
and theretore of no consequence In considering the motion of the 
eystem in terms of the behaviour of the centre of mass. The 
various "external" forces, including the {upward} reaction of the 
bridge fl, have a sum of ftiagnitude. 

^ - fM + Rmllgk 
where k is a unit vertical fupwarda pointingj vector. The center 



of naed of the system mo-ves tip and do^n s little, about some 
flVfirage position (on perhaps remaina stationary) , Consequently, 
if at any instant the center of masi is sxperlencin'g an U|>war<33 
acceleration, then at that instant 

R ^ (M -H Nni)g. 
Thus even in tht t^$e of two balls [N =2J , if tha center of mass 
of the system comprising Juggler and bajllg is not stationary ^ then 
at edtie instant there wiil be a net upward acceleration ana the 
bridge load limit will be exceeded. 

Divide and Conquer 

A "Divide and Conquer" approach to a problem ia to break the 
problem into interfacing probl&ma, each of which is solved in turn. 
Applied to JUGGLO this hBuriatic i«ould naturalljf lead us to cons idee 
separately the dynamics of the bridge, the juggler, and each of the 
three balls. How the bridge ifl specified as cap-able of supporting 
a majcimuiti load of <M + 2nL3 g - H being the masa of the juggler and 
ra the maas of the bail. The first subprohlem - ~ the juggler - - 
is easily anaiysed to deduce that the maxiii) force the Juggler can 
ejtert on one (or more} balls at any instant la 2mg upwards. The 
next subproblem is the motion of one ball, ball l say. if at time 
t = the ball is released with upward velocity v it will rise a 
distance {v/2qi in time v/g , and after a time lapse of 2v/g will 
return to the altitude of release, but now with downward velocity v. 
If caught at the same height as whan released, then {presuming the 
juggler has no other balls in his hands at the time} the juggler 
can apply (maximmnli upward force 2iivg on the ball, bo that the net 
force on the ball is mg upwards - - leading to a sinnrnetric reversal 
of the motion as per Fig txvj , 
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Fig i^v) ^s^ibl* ;^tions of twp ban. to.sed by the juggler 

in fi, (.V) weW. dr..^ „.t only th. altitude of ball i ...^^ing 

-ele^^e and Capture of thi« ball occur at a eon«taht height, 

but also . p.r«,itted Motioa of ball 2. ci^arly in acc<.rd with 
thi. analysis at all ti^e. th* Jug.l.r i. apply i., th. .axi.u. 
allowed force «o that th«« i. no possibility of hi. catching a 
farther ball; there c^n be no Ball 3 witho^it *«c*eding th« 
bridge load limit. 

Th* chief virtue Of this -Divide and Concjuer- attac:!. h i« 
the very detailed information de.i.^a .= to an acceptable juggling 
^tyle for two ball.i if t^e greate-t height reached by a ball was 
^ r^ vV2a> abov^ c.tching level fm.rke^ t> in Pi. {.v) ) , the ball ^ill f^n 
- farther h encased in the juggler's hand and then be brought up 
to be released at the catching l^vel vhilst simaitaneously the 
second ball i. caught - ^ possibly with th. other hand at a differ- 
ent altitude ^ ^ after the second ball has liJcewiae fallen through 
h< 



Pivida and Cone^uer f TiBW Avaragg*' Algorithmj 

This flpproAch to JUGGLO is also irativated by "Divide and 
ConqQQr," However, the trick of taking a time avaraqe (such fis 
la often done in statistical mechanic^} is used to get rid of 
uninteresting dynamical dotail. 

Consider the equation of motion for ball aj 

hrhere as olswheire t is a unit vector in the vertical direction, 
*"** ^stj S^) is the force- applied by the juggler to ball a at 

tin*e t. Integreting between the liitiita t = Oto t "Tir 






my^i rj " nv (0) := -nigTf( 



Hence r the tine-aver aged value of the force F^^ ia 
<^'' ,> ^ _I_ f dt F .Ct) = mgiil + in" (TJ -H=v (O) 

Prcvided this ball isn't dropped , the namerfttor of the eeconiS 
term on the la ft is Jwunded^ so that over aft ex tensive duration 

the tiire of F^j is 

summing the forces on the Juggler, and then considering the load 
an the bridge, gives for the time-avera^ed load on the bridge in 
the case of three t^all■^l 

^R^- Hgk + Jmgk 
vhich exC:R>eda the prescribed limit. For two balla 

^n\= Hgk + 2ragJc 



Hence, if R is constar^t, the bridge is just gaf«ly loaded, but 

if R varies then at some instant it must eKceed its average value. 

In accord with thfe hguriatic "Add Effects" vm conceive the 
load on the bridge as being th* cumulative (additive) effect o£ 
each of Jugglo, and 3 balls, teated separately. Thus the bridge 
is "held responsible" for on the average ]ieepin^ each of th^se 
four objects above the bridge. The Juggler needs Mg to stay 
more or l*ss where he is, and likewise each ball requires an 
external force of average m^ td be on the whole uninfluenced by 
gravity. Hence the safe load is e?:ceeded by a uTuggler tossing 
three balls. 

This infoxmal discuEsion under this heading differs in small 
but crucial emphases from that given under the heading a£ "In 

Toto," "^he ^onnal mathematical arcTuii»ent motivate*^ by '\^(i*^ "^f'ects" 
is lii^ewise siiTiXaT to that given above under th*^ heading "in -Toto" 




4- CONCLUSION 



We have ahowi. how a diversity o£ "solutions- to the Dragons 

^IILKO and JUGCLO depend on ji.st a limited timber of problen. solving 
schemata called hsurifltlga . The core idea of these heariatics is 
probably acquired in childhood, but during intelleotaal develop- 
ment a coterie of debug routine^ , caveats, flags, problertt trans- 
fonr^tioji and reductioia, ideas becon,e attached to each heuristic. 
Knowledge of very epeoifio skills te^ed algorithms ig alsc lix^fced 
with particular heuristics. 

in order to pron,ote student self^awarenega, of the procegaes 
involved in their own intellectual devfllopni«iit, and of the evolu- 
tionary chairact^r of the forn-ulation of a .oluticn to a formidable 
problem, a teaching stratagem is proposed with the following facets i 

1) Specific discussion with stactfints of the model for problem 
solving and for intellectual ^evolopm^nt presented here. 

2) The posing to students of really formidable challenging prob- 
lems, of which the two Dragons discussed herein are instances. 

3) The discussion of student foray e at Dragons with students in 
order that their own attempts can be interpreted in tert,s of 
the theoretical framework provided by the concept of the elabo- 
ration of heuristics. 



"-his pmp&x h^^ ft^ nri^fne in the mcorrSin^ Df a Isr^^e nombpr 
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Append iat 

This paper as a whole has be^n eohcerned with the develop- 
mfrtt of problem solving ability in physics. H^w^v^r the teaching 
stratagem r espqm$e is bas^id on a theoretical model o£ intellec- 
tual development that has far wider gamloit, in this Appendix the 
model ifi applied to give an expiication of certain aspecta of the 
intellectual development of children, by showing how it interprets 
some o£ the data obtained in the "pratocols" (tranaoriptsj of three 
Piagetian exp-ar invent a. 
The Eq^ and Egg Cup Sjiperiraent 

In order to answer que at ions aa tq whether some quantity is 
grea.ter or leaa than another, the typical child uses such heuris^ 
tica as 

HI* Greater e^ctent means norfl^ 

H2. Sparsen^sflB (greater gaps between elements) meang less* 

Hi. Counting you if more or less. 
The heuristic H3 is only suitable for very small sets because 
of a child's iimited skill at counting. The sorts of situations 
where a typical child of five years gives the correct answer to 
questions about quantity are shown in fig(^vil , A being what we 
term a paradigm for HI, while B ia a paradigm for EJ3 , It is 
noteable re these two paradigms that only one heuristic is applic- 
.ibLe to each paradigm ; but what happens if a situation is presented 
to which both heuriatica are applicable, and give conflicting con- 

L'luEiona? In one of the classic "conservation" experiments of 

1 2 
Jean Piaget t the egg-cup experiment h children in the 4-7 years 
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(A) A FARADIGINA FOR HI II (B> PARADIGMS FOR H2 
'Greater extent means mote' "Sparseness nwans less 
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(^mttan: "An Own nurt ^gp or ntciir* «(^<upt7" 
Trpltat Fhn V«*r OHTi AntwM^: "Mwicggi/' 
TVpJQcl 5nwi Vm- Old't Annwr: "Of »uf*tiKit!" 
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(C)The egg cup experiment of Piaget 



Fig {XVI ) J 



ag^ groQp are set sui^h a puzzle involving a clash in tlnsii: heuris- 
tics. Afi indicated in fig {xviCl i£ such ehildiren are ah-own a 
line of eggs in egg-cups, where the extent and aparseneaa of both 
the «$gs and th« eg^-'cups are the saraeji then in answer to the 
question "Are there mare eggg Or niare egg cups?" the typical 
child (4-7 years) answers "Hq the sanve . " Hpwever r if these eggs 
are In full vievr of the i^hild removed from the cups - ~ and Spread 
otit in a long-er Line than the line of the cupa - - then the situa- 
tion ifi one in which HI and H^ give conflicting assessments to ths 
repeated question. Rouever, for the youn^ child, Hi is in some 
way tagged ^S primary or more important - - for, as indicated 
b^iovi, [|^ describes a great range of situations whexe such 
eTfaluations are spuqht. So the typical five year old will tiow 
replY "o£ t-'ourse not.** What distinguiahes the seven year old 
from the typical five year old? Possibly the seven year old has 
acquired a heuristic such as 

H*- Relationships more than or less constant in tine, 
which certainly doesn't adequately describe the contents of a 
cookie jar byt nevertheless ia a viilualble heuristic » Uowevar the 
mere addition of 114 to a child's reportoire won^t naceaaarily lead 
to the correct answer to the repeated question o£ the egg egg-cup 
experiment. What is needed 1b some caveat liXs 

H5. In case of conflict between Hi and H2 , use an historical 
houristic like H4. 
The addition of these ^ ^ or some such - - heuristics to the collec- 
tion 
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of uhflt I h»rm tH* [l^tufltjliiti (vf hcurtijt£i.B . 

t«P*rlBent. confl,icti,ii by on* of Pla^t and Tnhelder's 
Ln SBptembor, l?7*. 

other vas a bquMt buhar -eontatntng a ei.i* Utitilil tsrmtd 
"?ep-l". Re(b wafl i*k-d ta what lielflhi: He anticipated th« 
-Pe|*-1- pflutea fr™ th. halter ^«id fiii the rt=jrrow c=yli„ae*. 

IWh polntfld to a leiff,! en th» cylinder at thi ftame 
height Mt> *a «« top Lev«l ^jf th. "Pepfll" i., the aqi^jt 
VBiJU-U The -PepiL' .^^ paurmi. -I^c Level lii th, nirr™ 
eyllnrt^r 1.^lt .h^at thritp tlmta hlah^r ttmn that pp,aLct«r1 by 
Hoijr Rab re<iiiBt*rff^ mb*h *• ton iBhjwnt r ^filtmnS by 
tri.dit£iMial fatinl flTtpsfssBlgnji for ETraaeiiig « tricky iaci^ 
ftujh w«« iBkcdt -la thtrte nor« p«pai n™?" 
Ich «pli*rtr "iTo: If, ji,at thfl aam. .., It only lo^k« m^r^.^* 

Bob w«. than >By«f how h,* voiJd -i^pl flirt tp ancttier chlia hflw it 
naa that th* -pBpBi" WBB .o him In the (narrowl cy linnet, 
tob pendiTfla a rrrancnt — th^n rliccd hla bnnils ebewit 20 
«T.I:lfl*tr*- SF^art i.. *™t ^r hill, th,n Bt«»dily Aj^ hi* hand, 
tog^tJist ^iU aayifli,, «Th. aides arc phishlng the Pep-l <ap'.*a) 
ficb', ra*po^.«e, *(1K -iaj. flna '(!] e* th« at^ve tMt(»<;oi, 
Jfftrit thfrttf iciB!Ui«i!| tH ; 



*il) Hob 5 expectataon of the heicrht of the nf>v (tvarrciw) 
Liquici column con f onus to the heuristic Rl of t>ie precef^inqi 
experiment — the artticlpatef' "extent" of the new "Pepai** 

c-oluim — its heiq'h.t — was anticipatad to be unchanged. 

*(2) Rah opinecl a cavoat to he referrec^ to as H6 which h^ 
probably only recently leamt to associate with the heuristic 
HI* 

HP ; "S&ffietimeK it only looks more" ■ 

on the baais of this protceol one can't b& cejrtain as to which 
heuristiefs) lesi Rob to say "t^^e same" -- but it was 
probably the higtorical heuristic Fi cl&limited ^bove^ 

*[3) Rob had formulated an explanation in terms of the 
heuristic Proeees — the game hfluriHtic, which aomewhat 
elaborated <■ aehuflcred) wa^ used to snare the Dracron Hilko 
In Section 5. Pob was considering a fictitious state of the 
cylinder — presumsbly one in which croa$- sect ion wae the 
game as in the souat beaker. In the fictitiou-? state, the 
"FepF?!" would be at the same level as in the sauat beaker, 
^ut on bringincT the gides together -- as indicated hy hanfl 
iRovement -- the '* Pepsi" level would rise, 

Islgndg fixperiTnent 

The following incident took place within the context 
of a very eKtensive Plagetian experiment, "Tslanda" .conducted by 



Seymour Papert * 

A five year old child was askEd to count the (2 era, x 2 cm. 
X 2 era.) cubes arranged as a rectangular priam which was ? cm. if 
C cm. K & cm., Her algorithm was trangparent, as she traced her 
finger row by row along the front face, and proceeded to likewise 
count blocks on other faces of the prisn. she concluded there 
were 30 cubes in the prism. She was asked "How aid you do it? 
If another child wanted to count the blocks, what would you tell 
her?" The child replied, "Don't count the side f = edge) one's 
twice." The child failed to s^y that her baste method was syste- 
natically tracing her finger along the faces* This method had 
the bug she discovered fas well as others she didn't discover - - 
th* icti^er hlocks weren't counted) hut the counting procedure is 
not well characterised heurigtically by that bug! 

In applying the heuristic "Add Effects" to Milko in Section 2 
a similar situation arises. An incredible artifact, a pressure 
carry ether, has to be introduced for this heuristic to sneceed* 
Ifet it wouli^ be patently mlEleading to heuristically characterise 
thi3 solution as "The Pressure-Ether Hodel " for the Milko Driigon. 
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inttrT>rut.^iion af -Cwib.> wattes' t n t^ai. of ff^uriatic fr^n^.. 

ei((i*rfji»nta ** hasw nnteA tho heus-lstlgB rnoi-Lfcstiy mtiliaw! - 
Uld. in EOVie ih5tflr,e*e VtJrb.lly ej!pi»6=.r1 ^y eMl^pm IJI ths ?lv* 

to itva^ vsate aqn qreup. f«Th«p3 W5. should natB tnat it iB 
fairly fKJvel tn ?tt*rTht te us« tlie p^tocoli i:f s^sh exp»rlm»nta 
to a*t»rmtne the li^yriBtiea mportolDt of a thildt sueJi a 
I'lsiTLiBHfan Mat fir«l! qlmn by Fleyntjur Fawrt . ^'' Tl\9 cvidnncff 
^>r tlieae Anrt ether protoGola su^sBt that a ehlld ^joab Mt nvCura 
hy diaqarrtlng tht -nmi-ccnairwJ.TSi?'' Scuristlea aad l^acnim, ;, n^jr* 
"pwci™- -conairvlnfl* HevriBtlii rather ta th* pratotypi, 
Ti*-iu-lptle --pg tfliL if n^„ _ i^ij- j^ ^^^^ fiiirth«r 
Stru=toifal #l«i*nt* — ftthnr Ji^Urintl^iK - the whole collagtlflh 
OF haiiri«tiee brlr,g cloetly linke^a, and heurl=ti™ reiAtlra tfte 
varleifci -IfiTwrits ire nert of th* ifl^aia. l-able iir sheva how 
sosie of the netiriBticfl (Hacuaaad arvov* slijt Ihto the H^iariBtie 
Frama which la tallwd "Loot - so.™'. 

TnaL:c IIT 

CrS^fMRKT SPBCincATTOW 

C*rt hywristlc "TO t*ii if mo» - iooH" 

Prablrm T?,-1uctttKi hit -Srentar nxtfrnt i»q[;B nar." 

Ss-lcctor 

""''"'' f^utlnpn "Chert FTt 4ftd i^a for can = J ^i ttncy" 

^"*™"' ffSj "In eaa« [?f conflict, batwacn Hi 

and ttJn H«e «a Si^tojfical heurlitl^" 
B€i "SofcetLrnap It nsily iooka mite'' 



*^he ifeurlstic Frame ^etailcfl in Tafcle Tt le siptilar to a 
schema ^iroposed by J^inslfy ans^ Papert, TKe younq child 

hRig available the core heuristic of this fraiti& - hhfi idea that' 
visual Qbservation can b« used to fTeterwine oiirintihv - nlus Rl 
and po^giJily K? . Of coTirse to a vtiiino chilr" auantitv irieana 
cscacity to satiafy hunerer or imayhe hites* Ons of the moat 

etK^earinitT protocolfi I have collaeterl was of a non-conservinfl 
six year oia, vho wan agked whether a flattened! ball qf fl.oTJ^h 
comtainet^ more than a spherical ball which ha<3 previously been 
fti^jusiqeE? "the pame amour t"* ni& crirl cruicled hy Rl claimerl that 
the flattened ball of dough contairt&d morej and juatifief! 
this answer by paintlnq out that the ro'WK^ ball could he ^aten 
In two bites, whereas the flattened ball would take five bites. 
The olfler .child - tbp Con server - has arii^ed to these basic 
elements of a frscie fTebu^r routines and demons akin to those in the 
Table* It is Just that process of aj^^entinfl and editinq a 
frame J sucGi as "Look - ftore" , v?hich is called in thig paper the 
{^ebugqin^ of th^t heuristic* 
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I, Jsatl Vsl-kcr, "'H* PLylncr CI reufl of Fhy«lC:B~ , John wtlev' 

a* H,A, cohih, "* Tiraflon ffuntar'u Nos'r Ffanflliifi Eat* ^ooka, 
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Gftrd*ji tflty^ Ti\.T. fH^^T]. "xjithenatleft and PtauBiftlt 
■ntaaanln:!". -pj-lnestaA ttniviTPlty PMaa, Prlne^uon, W.J. 

4. "m* siort of nfhlutlen thflt p^ewi amtlcipnt^rt tt>t thla drAqm 

woyM be ifiwethlnq- Hkfl S6f tHr:™ «r» * ndllibti p*opla in 
tunf vorK. flili Bwv of planoii m^ fn f willy ijDmoii im;! 
BpsrtTwnts, of which one oan c*tlH»te ... if tln*T? ^a en* 
iuchi -unit pair 5 petjpU aa 1.& million, Sueft Ajtd Hvch a 
fEACtlon of h^Mwa pdibbbs cf plane, a pi*no n*aflB tunl-ng 

aft*r stH]1l A [»rlcrf ... 7l.«nO ftWHtra pnrc«iv« i ptang 

nmrt* tLinlTUT AftPf i furthsr tirw-lapfcc, pr Khen cnniain 
■BJtehei ar* Jil«ilflc-intly In enrror. Tn tuna a ti^iaiiE? 
iLhki^ fln "^tlBifltert Bingiint tit tlioE, no that t& tvnm the 
jt*qTjifli,i:e ue«)jiv nwi«r *r fiiaiioB raqolr* bd many plajwi 
tunern voeKIjH:! 35 hdura paf *i*elt, Ineluaitm tra^llilifl and 
a*fti!(ii*tr*tlwe tlrnt ..» 

S. H.ft. a*«i, *t?f,4t fi Filled ^Bcl Keli^? fljirt othe* 

PnrohUTnatl^rol DratHma" . fybliiJied by tTin- nuttier, 
MBlhoyme, *ujttralia, fl-!*Ta) . 

fi Tte crlplp that firaqOTia Of any other prdhltari) havt th* 

flivovr ef r*Mir,?h £ei,iiir.R for juatificBtton a datailaa 
diaca«Biiin ef th* pattfim of flclentlfie pfo^mb*. Tt» 



S-SpBclplly relevant in fhlB t*trBrdi. ."ip^t J^n 7) B] tl lO^ 1L] 

7. T, Lak«tD#, "PcMfa and Pflf utJItlcho" j (^^Uii^L JOurnaL of 

'hilCjBtjphv IIVA SelfcficB , iA, l-i5, 130-a?j j^l-IJ, 53fi-342 

1. H,R. HaniDfi, "PitttrtiB cf Dia cov* If J* " , Saniij-idg* Uni*. f rane , 

Co,, 9«D rran-clppo [H#9|, "Pbaprvfttifttl nnri EsplinatlOn" » 

WBEpar 1n^ ■nntl Ca. , U*ir »orfc, (l*i71) . 

T,?. Kuhn, "Tf» itrtn^uni nir Rclefttlfic ^volutlona', 

l*ivejsiit.v of ■rhl*fci]o Pimrt ll^fi-Ii . 
9^ I. Lakctoif, "TilBlflcptlm and th* Kithipdolo^ fif S^l^ntlflc! 

Paftfearrfi PrMrasM" La 1. r^^^atM ajid a, >nie grave [ftilltorBli 
CrlticiflB an'^ th* Srowth o-f KnevLadiin j Canfcriflqt tfniv^r^lty 
Pre*!, England E1570J . Ja«p >«« I, Lokat(iB in P.C.ftucX and 
B+Ch Oshan (EJitoral , leston Stydiaa ih the Phi lososhy of 

IC iCt^, rflhan , "Kathenatical nri^on Hiirtttnfl on th» La Trob* 

fairpLia". ,Mjb t Ufa Lion i?f5H"ChArit*ltt>r' a Conmlteae. RdEu:ati«nnl 

AuBtralJA '1 1471} t 

11. H.t.M Cohin , "ma Trua CMlfeBfltOfti of flu Aunt Watchar" 
»ch*d:ul«d for Diibl ioat i oti in tn© A, V.Cc. Edue-itlimiJ 
[feifBlBttar ^c^. Kief. IC) , 

It. me Btvdy ^f human Urtibltm coLvlng t» tiM ^OMbIh of cog- 
mitlvB pnychg If)^ , ^^ ijiwrr wrjrk ral»t*J! **petiallv to tlia 

fdOT«Tinq worX of Magot Ijfij^ H3 in beiog conoWEned with. 
th-; cvoltltlfift fi£ intelLc^ttLil capatltiec ( 'gaintic 
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*&lafeoTml(?qv"') . ■•*« framnfl cnnoe&t rtrii^^iitnfl hen ia 

fl wpv r>f €VJM*anisliin i^jita ntcuttriirfla d4Bcr.Fble*g *^fN;'^*^urflI 
kitr<''l-n<!ga ladBB-BBerJ l^y ^uprtnft ^ but ^fOULfl alfrQ 

iier**c] 1* fift protloTiL BoLvino prdci^is, l*i* *v*rall project 
i" COWBUPft^lft to 4-'^4i a^'orf? rt€ »»^"«llH^l™r-fl anfl or.-wr,rH«ra 

piffitficolB an-iS aevel5^fl(i cwpputar mo^Sfila of .n^ult eff-ortB 
t* ffcil™ prctelepe in crypta-AT^i t.hmetic , dhmin enfl-garaoifj 
l™iic puEjil^fl fn^ tht liV«+ Sfe Pi,!qi*ii!iLl nmi n + PH.. Sllulai^ 
"fliiiNiii. Prptlflm solving", frcntice ^«1J r l^crlwJcafl f'liffa, 

13. fli4 bBjm'Frsma" hit bfesn hflrrcNWf) from Jtarvln Hlnaky 
■■KhEnnvflr one en.cenintern n pflu iituatioji [cr wftltaa & 
EubHtanti*! eftanfla in one's vJflup&li^t) ha aaJflrtB fran 

tfl h* arlapt4^d f.^ fit l!*ftld.ty by chinqilKJ 'det:al],i b0 

n 
hS-cccH-ttry» 

M. Hlltekyj "fl Fr«np*)ork fftt fiepreamnring KjWwladgB" H,!,?. 
ArtlFlclal tntftll Jerenf* Laboratpry 1tfi<0> No. JQE tl^7li ^ 
To be repub 1 J 11 hFi(! ^ji "Tftft tftycdiolcwy of Cfibipurtcr Vie ion* 
{McPrai* Hill (1*71]. 

H. hT. Plagetj 'Tht CtltlJ'il Cancaptlon, of KUflliher- EtgrtQIIr H«w 
Ifiirit a? 65) J. Plaqtt and h, Tnhelfl*]?^ "Thii CtltlJ's 
Cotlc*ptlnn Qf i!p»e«*, Martojij ifl^w Vflrt [l*fi7(- 

T»Jr*fc»aor F^jfnjian h4A CDnflimprt Ihe aiihataiico of thin 
ttcoDijEit in a private cwtnun 1 cation . 



li 



1€, 



p*H p,HSr Ralllfld rtnlilelr "rvialooaftB CTonesrnlft^ Ihta w^k 
ScloncoB", TJfflhftLat*d by H, CPftVf and *. de Salvia, DcnrcT-, 



17. 



■^J^ 



in ctiAbtcr T entitled -EjttenBivic fsji an 1 tudc i- la RiidoLpli 
Carnflp, "WiiloflORlilcal Fc>gna4timiii vt Phy'^CB" (Edltfrd by 
Wirttr Cfl,S^Sn■^},t Paalc tncko fL?6S]. 

fi-ywJUt ^apprtr ■Tht LmgilA^Jc n! qhildrtn and tlse iJmgijag* 
15* Mrvln Mlnihy and R*vil»llt Ppp*rtr "PrDtTraflj ^a|>orf 



IS. 



SO. 



rt is worth thfl >p«ca tf ii footn&te tfl recoimt gne *ffort by a 
PPychelmlBt fWho 1^,, a «»lLptMjratar gf fIk,**) to 't=ach 

«ihJ,ldnii tlH flOk-niBqt MiBHtt' to Pt4f,ct,l«v puaElan LiRe tha 

Bbc»n. Th« ta (.thing consiAtisd in Lsforminq the dhWa of th* 
"riqht- an(n«.r to th* c,»at£«fi ..»rp(i to ^ partait, p^ziJa. tt,, 
effrct Found t^a4 that * CHJ ] r1 »t i, QBr1;»ln le«l r,f A*v*lopmmt 
«lqht te «(» tiuqht to eiy "more" or "!,■»- torractly In «rt*ln 
or What Pl*get tEiins "ecmii.jrviitloii- •;rperlJWntB .,, but npt 
ever ah «irt*nBivc rur-qe^ of ejipwrlmentH. Horenver. one c«i abN 
of a chiaj wh« ha. ,4ta £tf flfiime aruflntHy that it la mere thm 
aoT<* 6th<;r cuajitltr to liiA9<] the atib.tance bsi™, poneidcmd 
waa «4Llv 'ygjrwv", and thftft ti* q^y which lot he ^uU jrefi-r 
tn entj 111* het^rifltie liartqHSrftant is then snanifaat rttnpltii 
hla ti*e of ttia jippEwriite vierbai fomvuiiL .. in f»flt the cMlfl 
»rtio Piaa h«,n lln^i^tlcally t mined to qlve the riqht a newer 
haft T»f*ly hiifln ateiroifl^j Jti foTpula crank in,, and thouqh ha 
miqlit qlTW th4> ^iPF^tCipriatfl Viefbal raspOhSe, hlB prfferenc* 
far 9 paj-tieular quantity of -'yi-niy* g^ihatanet would establish 
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that his qualitative judgement had not been altered by 
his subjection to a " teach jng" program tbit was not 
con oe rued with the debugging of the child 'a heurlBtic 
frames. Now it is iny asaertion that i5tillihg students only 
in atandardlised problemg. — which I''ve termed formula 
cranker» — can, despite the best of intentionH^ ]>e a 
v<5iry Enimilar teaching program: our students can then "do" 
correctly just a limited range of problems, but don't 
poBsess property debugged heuristics capable of snaring a 
Dragon * 

Fee p. 43, J. Piag^et, "Genetic i?piBteinolo<5iv" , Norton^ New 
York (19 70), 

21. In hi"* ret^enqr.ote, entitl.ec' *^ainless precession'^ r 

EastTUan oave -itiHt suqh a "Divide and Tonquer" 
mntivatftd aoD roach to preceF^sians 1 ■Droblepis, This 

not& also listE prcTious A.*J-P, fliRensfeigng of 
this 'ittystifyir.g' phenoir>ena. See P*r, Fastm^n, 
Am- J. Phys. 43, i«f fl97S) . 



